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Abstract. We introduce anti-invariant Riemannian submersions from cosymplectic 
manifolds onto Riemannian manifolds. We survey main results of anti-invariant Rie- 
mannian submersions defined on cosymplectic manifolds. We investigate necessary 
and sufficient condition for an anti-invariant Riemannian submersion to be totally 
geodesic and harmonic. We give examples of anti-invariant submersions such that 
characteristic vector field g is vertical or horizontal. Moreover we give decomposition 
theorems by using the existence of anti-invariant Riemannian submersions. 



1. Introduction 

In [TB], O'Neill defined a Riemannian submersion, which is the "dual" notion of iso- 
metric immersion, and obtained some fundamental equations corresponding to those in 
Riemannian submanifold geometry, that is. Gauss, Codazzi and Ricci equations. We 
have also the following submersions: 

semi- Riemannian submersion and Lorentzian submersion [7] , Riemannian submersion 
([8]), slant submersion ([5], [22]), almost Hermitian submersion [21], contact-complex 
submersion [12], quaternionic submersion [11], almost /i-slant submersion and /i-slant 
submersion 1181 , semi-invariant submersion |23| , /i-semi-invariant submersion }19j , etc. As 
we know, Riemannian submersions are related with physics and have their applications 
in the Yang-Mills theory ([3], [25]), Kaluza-Klein theory ([4], [9]), Supergravity and 
superstring theories (flOJ, [26]). In |21j . Sahin introduced anti- invariant Riemannian 
submersions from almost Hermitian manifolds onto Riemannian manifolds. 

In this paper we consider anti- invariant Riemannian submersions from cosymplectic 
manifolds. The paper is organized as follows: In section 2, we present the basic infor- 
mation about Riemannian submersions needed for this paper. In section 3, we mention 
about cosymplectic manifolds. In section 4, we give definition of anti-invariant Riemann- 
ian submersions and introduce anti-invariant Riemannian submersions from cosymplectic 
manifolds onto Riemannian manifolds. We survey main results of anti-invariant submer- 
sions defined on cosymplectic manifolds. We give examples of anti-invariant submersions 
such that characteristic vector field ^ is vertical or horizontal. Moreover we give de- 
composition theorems by using the existence of anti-invariant Riemannian submersions 
and observe that such submersions put some restrictions on the geometry of the total 
manifold. 
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2. Riemannian Submersions 

In this section we recall several notions and results which will be needed throughout 
the paper. 

Let (M, gM) be an m-dimensional Riemannian manifold , let {N, g^) be an n-dimensional 
Riemannian manifold. A Riemannian submersion is a smooth map F : M ^ N which is 
onto and satisfies the following three axioms: 

5*1. F has maximal rank. 

5*2. The differential F» preserves the lenghts of horizontal vectors. 
The fundamental tensors of a submersion were defined by O'Neill ([16], [17]). They are 
(1, 2)-tensors on M, given by the formula: 

(2.1) T{E,F) ^ TeF ^HWveVF + VWvEnF, 

(2.2) A{E,F) = AeF = V\'heHF + H\'nEVF, 

for any vector field E and F on M. Here V denotes the Levi-Civita connection of (Af , 5a/)- 
These tensors are called integr ability tensors for the Riemannian submersions. Note that 
we denote the projection morphism on the distributions ker.F* and (keri^,)^ by V and 
H, respectively. The following Lemmas are well known f|16j.|17|V 

Lemma 1. For any U, W vertical and X, Y horizontal vector fields, the tensor fields T , 
A satisfy: 

(2.3) i)ruW = TwU, 

(2.4) ii)AxY = -AyX = ]^V[X,Y]. 

It is easy to see that T is vertical, Te —Tve and A is horizontal, A = Aue- 
For each q ^ N, F~^{q) is an (m—n) dimensional submanifold of M. The submanifolds 
F~^{q), (7 g TV, are called fibers. A vector field on M is called vertical if it is always 
tangent to fibers. A vector field on Af is called horizontal if it is always orthogonal to 
fibers. A vector field X on M is called basic if X is horizontal and i^-related to a vector 
field X on TV, i. e., F^Xp — X^pi^p^ for all p £ M. 

Lemma 2. Let F : [M^qm) — {N,gN) be a Riemannian submersion. If X, Y are basic 
vector fields on M , then: 

i) gM{X,Y)^gi,iX,,Y,)oF, 

a) HlXjY] is basic, F-related to [X*,y*], 

Hi) T-L(y xY) is basic vector field corresponding to V x Y* where V* is the connection 
on A''. 

iv) for any vertical vector field V , [A, V] is vertical. 

Moreover, if X is basic and U is vertical then 'H{VuX) = H{WxU) = AxU. On the 
other hand, from (12. ip and (12. 2|) we have 



(2.5) VvW = TvW + i/vW 

(2.6) VyA = HVvX + TvX 

(2.7) VxV = AxV + VVxV 

(2.8) WxY = nWxY + AxY 



for X,Y € r((keri^*)^) and V,W e r(kerF*), where VyW = VVyW. 

Notice that T acts on the fibres as the second fundamental form of the submersion 
and restricted to vertical vector fields and it can be easily seen that T = is equivalent 



ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM COSYMPLECTIC MANIFOLDS 3 



to the condition that the fibres are totally geodesic. A Riemannian submersion is called 
a Riemannian submersion with totally geodesic fiber if T vanishes identically. Let 
?7i, Um-n be an orthonornial frame of r(ker_F*). Then the horizontal vector field H 

= — - — V Trr Ui is called the mean curvature vector field of the fiber. If H = the 

Riemannian submersion is said to be minimal. A Riemannian submersion is called a 
Riemannian submersion with totally umbilical fibers if 

(2.9) TuW^gM{U,W)H 

for U,W E r(keri^j). For any E G T{TM),Te and Ae are skew-symmetric operators 
on {T{TM), gM) reversing the horizontal and the vertical distributions. By Lemma 1 
horizontally distribution H is integrable if and only if A =0. For any D,E,G G r{TM) 
one has 

(2.10) giTDE,G)+giTDG,E)^0, 

(2.11) g{ADE,G)+g{ADG,E)=0. 

We recall the notion of harmonic maps between Riemannian manifolds. Let {M,gM) 
and {N^gn) be Riemannian manifolds and suppose that 1^9 : Af is a smooth 

map between them. Then the differential of can be viewed a section of the bun- 
dle Hom{TM,ip~^TN) — >• M, where (p~^TN is the puUback bundle which has fibres 
{ip-^TN)p = T^{p)N, p e M. Hom{TM,ip-^TN) has a connection V induced from the 
Levi-Civita connection V and the pullback connection. Then the second fundamental 
form of Lp is given by 

(2.12) (v^j(A,y) = v^^,(r) - vA^'iY) 

for A, F G r(TAf), where is the pullback connection. It is known that the second 
fundamental form is symmetric. If t/j is a Riemannian submersion it can be easily prove 
that 

(2.13) (V^J(A,F)=0 

for X,r e r((kerF*)-L). A smooth map ip : {M,gM) {N,9n) is said to be harmonic 
if traceiyip^) — 0. On the other hand, the tension field of ip is the section t((/?) of 
T{ip-'^TN) defined by 

m 

(2.14) T{p) = divip,^^{Vp,){e,,e,), 

where {ei, Cm} is the orthonormal frame on M . Then it follows that p is harmonic if 
and only if r((^) = 0, for details, [1]. 

Let (7 be a Riemannian metric tensor on the manifold M — Mi x M2 and assume that 
the canonical foliations Dmi and intersect perpendicularly everywhere. Then g is 
the metric tensor of a usual product of Riemannian manifolds if and only if I?Mi and 
-DM2 are totally geodesic foliations [20^. 

3. Cosymplectic Manifolds 

A (2m + l)-dimensional C°°-manifold M is said to have an almost contact structure 
if there exist on M a tensor field (f) of type (1, 1), a vector field ^ and 1-form r] satisfying: 

(3.1) ,^2^-/ + r;0^, 0^ = 0, ryo0 = O, ?7(0 = 1- 
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There always exists a Riemannian metric g on an almost contact manifold M satisfying 
the following conditions 

(3.2) 0y) - g{X, Y) - viX)viY), 7?(X) = g{X, 

where X, Y are vector fields on M. 

An almost contact structure (</>, ^, rj) is said to be normal if the almost complex struc- 
ture J on the product manifold M x R is given by 

where / is the C°°-function on MxR has no torsion i.e., J is integrable. The condition for 
normality in terms of (f), ^ and rj is [4>, </>] + 2d'i]<S)^ — on AI , where [(j), </>] is the Nijenhuis 
tensor of (p. Finally, the fundamental two-form $ is defined by Y) = g{X, 

An almost contact metric structure (0, ^, r/, g) is said to be cosymplectic, if it is normal 
and both $ and 77 are closed ([2], [H]), and the structure equation of a cosymplectic 
manifold is given by 

(3.3) (Vx</>)1^ = 

for any X, Y tangent to M, where V denotes the Riemannian connection of the metric g 
on M. Moreover, for cosymplectic manifold 

(3.4) Va-^ = 0. 

The canonical example of cosymplectic manifold is given by the product B^" xR Kahler 
manifold B^"(J, with K real line. Now we will introduce a well known cosymplectic 
manifold example on 

Example 1 ([E]). We consider M.^'^'^^ with Cartesian coordinates {xi,yi,z) (i = 1, ...,n) 

and its usual contact form 

T] = dz, 

The characteristic vector field ^ is given by and its Riemannian metric g and tensor 
field 4> are given by 



g ^Y.^{dx,f + [dy^f) + {dz)\ 0= -5,j L i = l,...,n 
1=1 \ / 

This gives a cosymplectic structure on The vector fields Ei — En+i = , 

^ form a <j)-basis for the cosymplectic structure. On the other hand, it can be shown that 
]R^"+-'^(0, ^, ?7, (7) is a cosymplectic manifold. 

Example 2 (T3J). We denote Cartesian coordinates in W by (a;i, 2:2, 2^3, 2^4, xs) and its 
Riemannian metric g 

/ 1 + t2 r2 -r \ 
10 
r2 l-l-r^ -T 
1 
-T -r 1/ 
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where t — sin(a;i + X3). We define an almost contact structure {<p, ^, ry) on M!^ by 
/ -1 \ 

d 



, ri = -rdxi - Tdx3 + dx^,^ „ . 

0x5 



— , (fiEi = E3 = , (f>E2 = E4 = and E^ = then these vector fields form a 



1 

-1 

10 

\ -T -T / 

The fundamental 2-form $ have the form 

$ = dxi A dx2 + dx3 A dx4. 

This gives a cosymplectic structure on M^. If we take vector fields Ei = +T-^r, E2 

frame field in M.^ . 

4. Anti-invariant Riemannian submersions 

Definition 1. Let M{(j),^,r],gM) be a cosymplectic manifold and {N,g]\[) be a Riemann- 
ian manifold. A Riemannian submersion F : M{(j),^,r], gM) — >■ {N,gN) is called an 
anti-invariant Riemannian submersion if ker is anti-invariant with respect to (j), i.e. 
(pikevF^) C (kcrF*)^. 

Let F : M{(l),^,ri,gM) (-/V, gA?) be an anti-invariant Riemannian submersion from 
a cosymplectic manifold M((j),(^,ri, gM) to a Riemannian manifold {N,g]\[). First of all, 
from Definition 1, we have (/)(kerF*) n (kcrF*)^ 7^ {0} . We denote the complementary 
orthogonal distribution to (/)(kerF*) in (kerF*)^ by /i. Then we have 

(4.1) (kerF*)-^ = (/)kerF* ® fj,. 

Now we will introduce some examples. 

Example 3. has got a cosymplectic structure as in Example 1. 

Let F : IR5 ^ defined by F{xi,X2,yi,y2, z) = (^^, ^^)- Then, by 

direct calculations 

kerF* = span{Vi = -^(Fi - F4), V2 = -^(Fa - F3), V3 = E5 = ^ 

and 

(kerF,)^ = span{Hi = —{Ex + F4), H2 = -^(Fa + F3)}. 

Then it is easy to see that F is a Riemannian submersion. Moreover, (pVi = H2, (j)V2 = 
Hi, 0V3 = imply that (piken: F^,) = (kerF*)-*^. As a result, F is an anti-invariant 
Riemannian submersion such that ^ is vertical. 

Example 4. R'"' be a cosymplectic manifold as in Example 2. 

LetF-.MJ'^M? be a map defined by F{xi,X2,Xs,X4,X5) = {xi -\- X2,X3 -\- X4). After 
some calculations we have 

kerF, = span{Vi = E^ - E3, V2 = E2 - F4, V3 = S} 

and 

(kerF,)^ = span{Hi = Fi + F3, H2 = E2 + F4} 
Then it is easy to see that F is a Riemannian submersion. Moreover, (j)Vi = Hi, (j)V2 = 
H2, 0V3 = imply that (/>(kerF*) = (kerF*)-'-. As a result, F is an anti-invariant 
Riemannian submersion such that ^ is vertical. 
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Example 5. be a cosymplectic manifold as in Example 1. 

Let F -.R'^R'^'bea map defined by F{xi,X2,X3,yi, 1/2, y3,z) = {^(xi+yi): "75(^2 + 

1/2), "^(^3 +2/3)1 '^(•'^3 ~ 2/3))- After some calculations we have 

kevF, = span{Vi = -^(^1 - ^4), V2 ^ ^{E2 - V3 = ^ 

and 

(kerF,)^ - - -l={Ei+Ei), H2 - -i=(£;2+F5), -^3 = -^{E3-E^),H^ - -L(i;3+i;e)}. 

Then it is easy to see that F is a Riemannian submersion. Moreover, (pVi = Hi, (j)V2 = 
H2 imply that (/)(keri^*) C {kei F^,)-^ — 0(keri^H.) © span{H3, H4} .Hence F is an anti- 
invariant Riemannian submersion such that ^ is vertical. 



Example 6. be a cosymplectic manifold as in Example 1. 

Let F : R5 -> R3 6e a map defined by F{xi,X2,yi,y2, z) = {^^^ , , z) . After 
some calculations we have 

kerF, = span{Vi = -^{Ei - F4), V2 - -^(^2 - E3)} 

and 

(kerF,)^ = span{Hi = -^(Fi + F4), H2 = -^(F2 + F3), H3 = E5 = C} 

Then it is easy to see that F is a Riemannian submersion. Moreover, (pVi = H2, (j)V2 = 
Hi imply that 0(kerF*) C (kerF*)^ = (/)(kerF*) {^}. Thus F is an anti-invariant 
Riemannian submersion such that ^ is horizontal. 

4.1. Anti-invariant submersions admitting vertical structure vector field. In 

this section, we will study anti-invariant submersions from a cosymplectic manifold onto 
a Riemannian manifold such that the characteristic vector field ^ is vertical. 

It is easy to see that n is an invariant distribution of (kerF*)^, under the endomor- 
phism (j). Thus, for X G r((kerF*)-'-), we write 

(4.2) (j)X = BX + CX, 

where EX £ r(kerF,) and CX G r(^). On the other hand, since F4(kerF,)^) = TN 
and F is a Riemannian submersion, using (14. 2p we derive gi^(F^(f)V, F^CX) = 0, for every 
X £ r((kerF*))^ and V £ r(kerF*), which implies that 

(4.3) TiV==F,(0(kerF,))®F4/i). 

Theorem 1. Let ]\I{<j),S^,rj, qm) be a cosymplectic manifold of dimension 2to + 1 and 
(N^g^) is a Riemannian manifold of dimension n. Let F : M{(j),S^,rj, qm) — > {N,gN) 
be an anti-invariant Riemannian submersion such that 0(kerF^,) = (kerF»)^. Then the 
characteristic vector field ^ is vertical and m = n. 

Proof. By the assumption 0(kerF*) = (ker F,)-^, for any U £ r(ker F*) we have gAii^, (t>U) 
—9m{4>£,, U) = 0, which shows that the structure vector field is vertical. Now we suppose 
that Ui, Uk-i, ^ = Uk he an orthonormal frame of r(ker F*), where k = 2m — n + 1. 
Since (/)(kerF*) = (kerF*)-'-, (pUi, (j)Uk-i form an orthonormal frame of r((ker F,)-*-). 
So, by help of (|4.3|) we obtain k = n + 1 which implies that m = n. □ 



Remark 1. We note that Example 3 and Example 4 satisfy Theorem 1. 
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From p.ip and (|4.2p we have following Lemma. 

Lemma 3. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M[(f>,^,ri, qm) to a Riemannian manifold (N^qn). Then we have 

BCX = 0, ii{BX) = 0, 

C'^X = -X- (j)BX, 

C(j)V = 0, C^X + CX = 0, 

B(j)V = -V + r]{V)£, 

for any X G r((kerF,)^) and V G r((kcrFH.)). 

Using p.3p one can easily obtain 

(4.4) VxY - -4>Vx^Y 
for x,r e r((kerF»)-L). 

Lemma 4. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M{(j),^,r],gM) to a Riemannian manifold {N,gpf). Then we have 

(4.5) Ax^ = 0, 

(4.6) TuC = 0, 

(4.7) gM{CX,4>U)=0, 

(4.8) gMi^xCY, cpU) = -gM{CY, 4>AxU) 
for any X, F G r((kerF,)^) and U G r((kerF,)). 

Proof. By virtue of (^3]) and we have Using (^7]) and ([5^1]) we get (g^. 

For X G r((kerF,)^) and U G r(kerF,), by virtue of and (g^) we get 

(4.9) gM{CX,^U) = gM{^X~BX,4>U) 

= .gM(^,(7) - ry(X)r,(;7) +gM(0B^,f/). 

Since (j)BX G r((keri^,)^) and ^ e r(keri^*), implies (lO) . 
Then using ^Tf) . and (HTTl) . we have 

5M(VxCr, = -.9M(cy, MxC/) - gAf(cr, 4>{vVxU)). 

Since <?!)(VVxC/) e r(0kerF,) = r((ker F,)-^), we obtain gH]). □ 

Theorem 2. Let M{(l),^,ri, gM) be a cosymplectic manifold of dimension 2m + 1 and 
{N,gN) is a Riemannian manifold of dimension n. Let F : M{(j),S^,rj^ gM) {N,gN) 
be an anti-invariant Riemannian submersion. Then the fibers are not proper totally 
umbilical. 

Proof. If the fibers are proper totally umbilical, then we have TijV — gM{U,V)H for 
any vertical vector fields C/, V where H is the mean curvature vector field of any fibre. 
Since T^f = 0, we have H = 0, which shows that fibres are minimal. Hence the fibers 
are totally geodesic. This completes proof of the Theorem. □ 

Since the distribution ker F^ is integrable, we only study the integr ability of the distri- 
bution (kerF*)-'- and then we investigate the geometry of leaves of ker F* and (kerF*)^. 
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Theorem 3. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M((j),^,r],gM) to a Riemannian manifold {N,gN). Then the following asser- 
tions are equivalent to each other; 

i) (keri^,)^ is integrable. 
ii) 

gN{{VF,){Y,BX),F,cj)V) = gN{{VF,){X, BY), F,<j)V) 

+gM{CY, MxV) - gMiCX, MyV). 

Hi) 

gniAxBY - AyBX, cf^V) = gniCY, MxV) - gniCX, MyV). 
for X,Y e r((kerF*)^) and V G r(keri^,). 

Proof Using g^]), for X,Y e r((keri^,)^) and V G r(keri^,) we get 
gMi[X,Y],V) = gM(Vxl",V^)-gAf(VyX,F) 

= gni^xcbY, (bV) - gMi^Y^X, 4>V). 

Then from (|4.2p we have 

gM {[X,Y],V) = gM{^xBY,cbV)+ gM ( Vx CF, - ( Vy BX, ^V) 
-gni^yCX, cbV). 

Using (I2.2p , (I2.7P and (|4.8p and if we take into account that F is a Riemannian submer- 
sion, we obtain 

gM{[X,Y],V) = gNiF,VxBY,F,(bV)-gM{CY,MxV) 

-gN{F.^YBX,F^^V) + gM{CX,MYV). 

Thus, from p.l2p we have 

gM{[X,Y],V) = gN{-{VF,){X,BY) + {WF,){Y,BX),F,cl)V) 
+gM{CX, MyV) - gniCY, 4>AxV) 
which proves [i) (ii). On tlie other hand using ()2.12p we get 

{VF,){Y, BX) - (VFO(X, BY) ^ -F^VyBX ~ VxBY). 
Then ([Sj)) implies that 

{VF^){Y,BX) - {VF^){X,BY) ^ -F,{AyBX ~ AxBY). 
From AyBX - AxBY e r((ker i^,)^), this shows that (ii) <^ (Hi). □ 

Remark 2. //0(kerF*) ~ (kerF*)^ then we get C = and morever implies that 

TN = F^{(l){keTF^)). 

Hence we have the following Corollary. 

Corollary 1. Let F : Af(0, ^, 77, {N,gN) be an anti-invariant Riemannian sub- 

mersion such that (f)(keT F^) = (kerF,)^, where M{(f),^,rj,gM) is a cosymplectic manifold 
and {N,gN) is a Riemannian manifold. Then following assertions are equivalent to each 
other; 

i) (kerF,)^ is integrable. 

ii) {VF^){Y,(l>X) = {VF^){X,4>Y) for X,Y ^ r((kerF,)^). 

iii) Ax4>Y = Ay(j)X. 
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Theorem 4. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M((j), f , 77, gi/) to a Riemannian manifold {N, qn)- Then the following assertions 
are equivalent to each other; 

i) (ker F^)-^ defines a totally geodesic foliation on M. 
ii) 

gM{AxBY, (f>V) = gAiiCY, MxV). 

Hi) 

gN{{yF,){X,c^Y),F,(f>V) = -gM{CY,(f>AxV). 
for X,Y e r((kerF*)^) and V G r(kerF*). 



Proof From (f3^ and (f3^ we obtain 

gMi^xY, V) = gMi^x^Y, cj)V) 

for X,Y e r((kcrF,)^) and V G r(kerF,). Using ^ and (02]) 

gMi^xY, V) - gniAxBY + VVxBY, ^V) - gM{CY, MxV). 

The last equation shows (i) <^ (ii). 

For X,Y e r((keri^,)-L) and V € r(kerF,), 

gM{AxBY,(bV) = gM{CY,MxV) 

^ -gM{yxCY,^V) 

(4.10) ^ -gAiiVx^Y, ^V) + gMiVxBY, ^V) 

Since differential F^ preserves the lenghts of horizontal vectors the relation (j4.10p forms 

(4.11) gMiAxBY, ^V) = gN{F,VxBY, F.c^V) - .gA/(Vx0r, <j)V) 
Using, (1331), (IS2]), t^m\i and ([^1^ in respectively, we obtain 

gM{AxBY,^V) = gN{-i^F,){X,^Y),F,(bV) 
which tells that (ii) <^ (Hi). □ 

Corollary 2. Let F : M((j),^,r],gM) — >■ iN,gN) be an anti-invariant Riemannian sub- 
mersion such that (j)(ker Ff) = (keri^*)*^, where M{(j),^,T],gM) is a cosymplectic manifold 
and {N,gN) is a Riemannian manifold. Then the following assertions are equivalent to 
each other; 

i) (ker.F,)^ defines a totally geodesic foliation on M. 
ii) Ax<l>Y = 0. 

Hi) (yF^){X,(l)Y) =OforX,Ye r((kcrF»)^) and V e r(kerF»). 

Theorem 5. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M{(p, ^, rj, gM) to a Riemannian manifold {N, gN)- Then the following assertions 
are equivalent to each other; 

i) (keri^,) defines a totally geodesic foliation on M . 

ii) gN{{VF^){V,(t)X),F^(t)W)^G for X e T{{keT F^)^) and V,W e T(keT F,). 
Hi) TvBX +AcxV eTifi). 

Proof Since gniW, X) = we have gM(Vy W^, X) = -g{W, VyX). From 1^ and (1531) 
we get gj\/(Vy VF, X) — —gM{<l>W, iJVy(/)X). Then Riemannian submersion F and (I2.12p 
imply that 

gM{VvW,X) = gjv(F*0t^, (V^^*)(l/, 0X)) 



10 



C. MURATHAN AND I. KUPELI ERKEN 



which is (i) <4> (ii). By direct calculation, we derive 

gNiiF,(l)W,i\7F,)iV,^X)) = -5m(0VF, Vy0X). 

Using (|4.2p we have 

gN{{F.(l)W,iVF,){V,(l)X)) = -gM{(j)W,VvBX + VvCX). 

Hence we get 

gNiiF.^W, {VF,){V, (bX)) = -.9Af(W ^vBX + [V, CX] + VcxV). 
Since [V,CX] e r(keri^,), using ((2?5|) and ((2J| . we obtain 

gN{{F,<j)W, iVF,){V,(j)X)) = -gM{4>W,TvBX + AcxV). 
This shows {ii) <^ (im). □ 

Corollary 3. Let F : M((j)^^,r],g]\j) — >■ {N,g]\f) be an anti-invariant Riemannian sub- 
mersion such that (j)(kei F^,) = (keri^*)-*-, where M{(j),^,T],gM) is a cosymplectic manifold 
and {N,gpf) is a Riemannian manifold. Then following assertions are equivalent to each 
other; 

i) (ker_F',) defines a totally geodesic foliation on M. 

ii) {VF^){V,(j)X) ^ 0, for X e r((keri^,)^) and V,W e r(kerFO. 
Hi) Tv(l>W = 0. 

We note that a difFerentiable map F between two Riemannian manifolds is called 
totally geodesic if Vi^, = 0. For an anti-invariant Riemannian submersion such that 
(/)(kcrF,) = (kcrF,)-'- we have the following characterization. 

Theorem 6. Let F : M{(j),^,rj^ gM) (N^gx) be an anti-invariant Riemannian sub- 
mersion such that (f>(kei F^) = (keri^*)^, where M{(j),^,ri,g]\j) is a cosymplectic manifold 
and (N^gi^) is a Riemannian manifold. Then F is a totally geodesic map if and only if 

(4.12) Th/^F^O, VW^, y e r(keri^,) 
and 

(4.13) Ax(j)W^O, VX e r((keri^,)^),VVF e r(kerF,). 

Proof. First of all, we recall that the second fundamental form of a Riemannian submer- 
sion satisfies ([2l3l) . For W, V e r(keri^,), by using ^^Q, ([2J2l) . (|3A|) and dHS]), we 

get 

(4.14) (VFO(M^, V) = F4<j)TwW). 
On the other hand by using ()2.12p and p.3p we have 

(VF*)(X, W)=F4qbVxW) 
for X £ r((keri^,)^). Then from ^^E^l and dSl]), we obtain 

(4.15) (VF,)(X, W) = F4Mx<pW). 

Since (j) is non-singular, using (|2.10p and (|2.1ip proof comes from (|2.13l) . (|4.14l) and 
(|4T5| . □ 

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian 
submersion such that ^(kerF*) = (kerF*)-'- to be harmonic. 
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Theorem 7. Let F : M{(j)^S^,rj^ qm) {N,gN) be an anti-invariant Riemannian sub- 
mersion such that (j>(keT F■^,) = (keri^*)^, where M{(j),(^,ri,gM) is a cosymplectic manifold 
and {N,gN) is a Riemannian manifold. Then F is harmonic if and only if Trace(j)Tv — 
forV r(kerF,). 

Proof. From [S] we know that F is harmonic if and only if F has minimal fibres. Thus 

fe 

F is harmonic if and only if ^ T^^e^ — 0, where k is dimension of ker_F*. On the other 

i=i 

hand, from ([21]), and ([331), we get 

(4.16) Tv(t)W = cf)TvW 

for any W,V r(kerF*). Using we get 

k k 

'^gM{Tei(t>ei,V) = - ^gM{Teiei,(j)V) 

i=l i=l 

for any V E r(kerF*). ([TTU)) implies that 

k k 

^gM{<l>ei,Te,V) ^gM{Te,ei,<j>V). 

i=l i=l 

Then, using (|2.3I) we have 

k k 

gM [(l>e.i , Tve, ) = ^ 5A/ (T^i , . 

1=1 i=l 

Hence, proof comes from (13. 2p . □ 

Using |20j . Theorem 4 and Theorem 5 we will give our first decomposition theorem 
for an anti invariant Riemannian submersion. 

Theorem 8. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M{4>,^.,r], gj^) to a Riemannian manifold (iV, (7jv). Then M is a locally product 
manifold if and only if 

gN[[VF,){X,cj)Y),F,W) = -gM{CY,c^AxV) 

and 

gN{{^F,){V,(j)X),F,cpW) = Q 

for W,V E r(kerF,), X,Y e r((ker i^,)^). 

From Corollary 2 and Corollary 3 we obtain following decomposition theorem. 

Theorem 9. Let F : M{(j),^,ri, gjyi) (-^i57v) be an anti-invariant Riemannian sub- 
mersion such that (j>(keT F^,) = (ker_F!,)^, where AI{(f>,S^,ri,gM) is a cosymplectic manifold 
and {N,g]y) is a Riemannian manifold. Then M is a locally product manifold if and only 
if Ax'pY = and TvW ^ for W, V e r(kerFO, X,Y e r((kerF,)^). 
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4.2. Anti-invariant submersions admitting horizontal structure vector field. In 

this section, we will study anti-invariant submersions from a cosymplectic manifold onto 
a Riemannian manifold such that the characteristic vector field ^ is horizontal. Using 
(|4.1[) . we have /i = 0/i © {^}. For any horizontal vector field X we put 



where where BX e r(keri^,) and CX e r(^). 

Now we suppose that V is vertical and X is horizontal vector field. Using above 
relation and p.2p we obtain 



Theorem 10. Let M((j),^,ri, gm) be a cosymplectic manifold of dimension 2m + 1 and 
{N,g]^) is a Riemannian manifold of dimension n. Let F : M{(l>,£^,r], gM) — > ffw) 
be an anti-invariant Riemannian submersion such that (keri^,)^ = (^kerF, {^}.Then 
m + 1 ~ n. 

Proof. We assume that [/i, [/^ be an orthonormal frame of r(ker F^), where k = 2m — 
n + 1. Since (kerF*)^ = i/ikerF, © {^}, (jiUi, ...,(f)Uk,£, form an orthonormal frame of 
r((ker F*)-*"). So, by help of (j4.3p we obtain k — n— 1 which implies that m + l = n. □ 

Remark 3. We note that Example 6 satisfies Theorem 10. 

From (|3.ip . (|4.18p and (j4.17p we obtain following Lemma. 

Lemma 5. Let F be an anti- invariant Riemannian submersion from a cosymplectic 
manifold M{(j},^,r], gM) to a Riemannian manifold {N^gjsf). Then we have 



Lemma 6. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M{(f>,^,r], gM) to a Riemannian manifold (N^gjsf). Then we have 



(4.17) 



<j)X ^ BX + CX, 




BCX = 0, 

C^X = (t)^X - (PBX, 

CipV = 0, C^X + = 0, 

B(I)V ^ ~Y 



for any X G r((kerF*)^) and V G r((kerF*)). 



Using (j3.3|) one can easily obtain 
(4.19) VxY ^~4>'^x4>Y + v{VxY)i 

for x,r e r((kerF*)-^). 



(4.20) 



(4.21) 



Tu^ = 0, 



(4.22) 



(4.23) gM(VyCX,0t/) = 

/or e r((kerF*)^) and U G r(kerF,). 



gM{CX,cj)AYU), 
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Proof. By virtue of ([21]) and we have (020]). Using and (031) we obtain g2I]). 
For X e r((kerF*)-L) and U G r(keri^*), by virtue of ([321) and (jiTf!) we get 

(4.24) gM{CX,(bU) = gni^bX ~ BX,<j)U) 

= 5M(^,(7)-r;(X)r;(;7)+5A/(</'SX,i7). 

Since G r((keri^*)^) and ^ e r(kcrF*), (1424]) implies (g^S). Now using (|422|) we 

get 

.gA/(VyCX,(/.(7) = -9M(CX,Vy 

for X,Y e r((keri^*)^) and U £ r(keri^*). Then using (HJ]) and we have 

gAiiVyCX, (j)U) - -gMiCX,MYU) - gM{CX,cj)iV\/YU)). 
Since 0(VVyt/) e r((kerF,)^), we obtain g^S]). □ 

Theorem 11. Let M((j),^,ri,gM) be a cosymplectic manifold of dimension 2m + 1 and 
{N,gN) is a Riemannian manifold of dimension n. Let F : M((j),^,ri, g^j) (-^i5iv) 
be an anti-invariant Riemannian submersion. Then the fibers are not proper totally 
umbilical. 

Proof. If the (keri^*)^ are proper totaUy umbihcal, then we have 

(4.25) <?M(Vjf y, V) - gAiiAxY, V) = gM{H, V)gMiX, Y) 

for X,Y G r((ker i^*)-*-) and V E r(kerF*), where H is the mean curvature vector field 
of (kerF*)-L. Putting ^ instead of Y in (|Tl5)) and then using we get H = 0. This 

shows that (kerF*)-*- is totally geodesic. This completes proof of the Theorem. □ 

We now study the integrability of the distribution (ker.F*)^ and then we investigate 
the geometry of leaves of kerF* and (kerF*)^. 

Theorem 12. Let F be an anti- invariant Riemannian submersion from a cosymplectic 
manifold M{(j>,£^,ri,gM) to a Riemannian manifold (N^gN). Then the following asser- 
tions are equivalent to each other; 

i) (kerFt)*^ is integrable. 
ii) 

5iv((VF*)(y,BX),F,0F) = gN{{VF,){X,BX),F,<f>V) 

+gMiCY, MxV) - gniCX, MyV). 

Hi) 

guiAxBY - AyBX, <j)V) = guiCY, c^AxV) - guiCX, MyV) 
for X,Y e r((kerF*)-L) and V G r(kerF,). 

Proof Using gH]), for X,Y E r((kerF*)-L) and V e r(kerF,) we get 

gM{[X,Y],V) = gM(Vxy,V^)-5M(VyX,l/) 

= gMC^x^Y,^V)-gM{'^Y^X,cj)V). 

Then from (|4.17p we have 

gMi[X,Y],V) = gM(VxBY,4>V) + gM{VxCY,4>V)--gM{VYBX,4>V) 

-5Af(VyCX, 4>V). 
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Using ()2.2p . p.7p and (|4.23|) and if we take into account that F is a Riemannian sub- 
mersion, we obtain 

-gNiF.^vBX, F,(bV) + gniCX, MyV). 

Thus, from p.l2p we have 

gM{[X,Y],V) = gN{-{S/F,){X,BY) + {WF,){Y,BX),F,cj)V) 
+gM{CX, 4>AyV) - guiCY, 4>AxV) 
which proves (i) <^ (M).On the other hand using (|2.12p we get 

{VF,){Y,BX) - (yF,){X,BY) = -F,{VyBX - VxBY). 
Then ([2Jl) imphes that 

{\7F^){Y,BX) - {VF^){X,BY) = -F^AyBX ~ AxBY). 
From AyBX - AxBY e r((ker i^,)^), this shows that (ii) ^ (Hi). □ 

Remark 4. We assume that (keri%<)^ = ipker F^,Q){^}. Using iTp one can prove that 
CX ^0 for X e r((kerF,)-L). 

Corollary 4. Let M{(j)^S^,rj,gM) he a cosymplectic manifold of dimension 2m + 1 and 
{N,gN) is a Riemannian manifold of dimension n. Let F : M{(l),^,r], gM) (-^jffjv) be 
an anti-invariant Riemannian submersion such that (keri^*)^ (/)keri^, Then the 

following assertions are equivalent to each other; 

i) (keri^,)^ is integrable. 

ii) iVF^){X,(j)Y) = (VF,)(</.X,y), /or X e r((kcrF*)^) and X,Y e T{{kcT F^,}^). 
Hi) Axd^Y = Ay4'X. 

Theorem 13. Let M{(j),^,ri, gM) be a cosymplectic of dimension 2m + 1 and (iV, ^^v) is 
a Riemannian manifold of dimension n. Let F : M{(j)^^,ri,gM) — > iN,gN) be an anti- 
invariant Riemannian submersion. Then the following assertions are equivalent to each 
other; 

i) (keri%,)^ defines a totally geodesic foliation on M. 
ii) 

gMiAxBY, (bV) = guiCY, ^AxV). 

Hi) 

gN{{yF,){X,<j)Y),F,(bV) = -gM{CY,MxV). 
for X,Y e r((kerF,)^) and V € r(keri^*). 

Proof. From p.2p and p.3p we obtain 

gni^xY, V) = .9Af(Vx<^r, 
for X,Y e r((kerF»)^) and V G r(kerFj.Using BTfl) 

gni^xY, V) = gMi^xBY + VxCY, cj^V) 

From ^Jij and (gj]) 

ffM(Vxr, V) = gMiAxBY + VVxBY, (bV) - gniCY, MxV). 
The last equation shows (i) <^ {ii). 
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For X,y e r((kcri^*)^) and V G r(kerF»), 

gM{AxBY,dpV) - gM{CY,cpAxV) 

^ -gM{^xCY,4>V) 

(4.26) ^ -.gM(Vx0i^, <I>V) + gA/(VxSr, 

Since differential preserves the lenghts of horizontal vectors the relation (j4.26p forms 

(4.27) guiAxBY., 4>V) = gN{F,WxBY, F,4>V) - gM{Vx4>Y, 4>V) 
Using, ([331), ([321), (|2l^ and ([233]) in (|4:27| respectively, we obtain 

gM{AxBY,4>V) - gN{-{^F,){X.,4>Y),F,^V) 
which tells that (m) <^ (iii). □ 

Corollary 5. Let F : M{(j),^,ri,gM) ^ {N,9n) be an anti-invariant Riemannian sub- 
mersion such that (keri*"*)-*- = (pkeiF^ © {^}, where M{(f)^^,rj^gM) is a cosymplectic 
manifold and {N,gN) is a Riemannian manifold. Then the following assertions are 
equivalent to each other; 

i) (kerF,,)-'" defines a totally geodesic foliation on M. 
a) Ax(t>Y = 0. 

Hi) {VF^){X,(t>Y) ^OforX^Ye r((kerF,)^) and V e r(kerFO. 

For the distribution ker F^, , we have; 

Theorem 14. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M[(p,(^,r], g]\{) to a Riemannian manifold {N,gN)- Then the following asser- 
tions are equivalent to each other; 

i) (keri^*) defines a totally geodesic foliation on M . 

ii) (7Ar((VF,)(F,0X),i^,</.T^) = /or X e r((kerF,)-L) and ]/, € r(ker F,). 
Hi) TvBX + AcxV € V{ii). 

Proof. Since 5m(VK, X) = we have gui'^vW, X) = -g{W, VyX). From <^ and (1531) 
we get gj\/(Vy VF, X) = —guift^W, -ffVy(/)X). Then Riemannian submersion F and (I2.12p 
imply that 

gM(Vy VF, X) = gN{F.W. {^F,){V, ^X)) 
which is (i) <4> (ii). By direct calculation, we derive 

gN{{F,(j)W, {VF,){V, (bX)) = -.9m(0M^, Vy0X). 
Using (|4.17p we have 

gNmcbW,{VF,){V,^X)) = -gM{<l>W,WvBX + WvCX). 

Hence we get 

gNmcbW, (VF,)(F, cj)X)) = -guiW, VySX + [V, CX] + "^cxV). 
Since [V,CX] e r(keri^,), using ((2?5|) and ((2J| . we obtain 

gN{{F.4>W, {VF,){V, 4>X)) = -gM{4>W,TvBX + AcxV). 
This shows [ii) <^ {Hi). □ 
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Corollary 6. Let F : M{(f), ^,r], qm) ~> {N,gN) be an anti-invariant Riemannian sub- 
mersion such that (keri^,)^ = ipker F^^ {f}, where M{(j), ^,ri, gpi) is a cosymplectic 
manifold and (N^g^) is a Riemannian manifold. Then following assertions are equiva- 
lent to each other; 

i) (keri^,) defines a totally geodesic foliation on M. 

ii) iVF^){V,(l)X) ^ 0, for X £ r((ker^;)^) and V,W e T{keTF^). 
Hi) TvW = 0. 

Theorem 15. Let F : M{(j),^,ri, gM) {N,gN) be an anti-invariant Riemannian sub- 
mersion such that (keri^,)^ = (/)kerF» ® {^}, where M{(f>,£^,ri,gM) is a cosymplectic 
manifold and {N,gN) is a Riemannian manifold. Then F is a totally geodesic map if 
and only if 

(4.28) Tw(l)V = 0, y W, V e r(kerF,) 
and 

(4.29) Ax(l)W^O, VXer((kcrF,)^),V W^er(keri^,). 

Proof. First of all, we recall that the second fundamental form of a Riemannian submer- 
sion satisfies dUg. For W, V e r(keri^*), by using (EH), dSHS]), and ([331), we 

get 

(4.30) (VFO(M^, V) = F4<j)Twq^V). 
On the other hand by using (I2.12p and (|3.3p we have 

(VF,)(X, W)^F4(^VxW) 
for X e r((keri^,)^). Then from (H^Hl) and I^JI, we obtain 

(4.31) (VF,)(X, W) = F4Mx<pW). 

Since (j) is non-singular, using (|2.10p and (|2.1ip proof comes from (|2.13p . (|4.30p and 

Km . □ 

Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian 
submersion such that (keri^,)^ = ^kerF, © {^} to be harmonic. 

Theorem 16. Let F : M{if),^,r/,gM) iN,gN) be an anti-invariant Riemannian sub- 
mersion such that (keri^,)^ = (pkei F^, © {^}, where M{(j), ^,ri, gM) is a cosymplectic 
manifold and (N,gN) is a Riemannian manifold. Then F is harmonic if and only if 
TracecfiTv ^ for V e r(kcrF,). 

Proof. From [B] we know that F is harmonic if and only if F has minimal fibres. Thus 

k 

F is harmonic if and only if ^ TaSi — 0, where k is dimension of keri^, . On the other 

i=l 

hand, from ([23]), dH]) and ([331), we get 

(4.32) Tv(l)W = <pTvW 
for any W, V e r(kcrF,). Using we get 

k k 

'^9M{Tei(f>ei,V) = - ^ gAi {Teiei,(j)V) 

i=l i=l 
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for any V e r(keri^*). (l2?T0l) implies that 

k 

^gM{(f>ei,Te,V) = ^gM{Te,ei,(l)V). 
Then, using (|2.3p we have 



k 



i=l 



k k 
^ 9M {(t)ei,TveJ = ^ 9M {Teiei,<pV). 
i=l i=l 

Hence, proof comes from (I3.2p . □ 

From Theorem 13 and Theorem 14 we have following Theorem. 

Theorem 17. Let F be an anti-invariant Riemannian submersion from a cosymplectic 
manifold M((j), ^, r], gM) to a Riemannian manifold (N^ ffAf )• Then M is a locally product 
manifold if and only if 

gN{{VF,){X,^Y),F,4>V) = -gM{CY,4>AxV) 

and 

gN{{'^F,){V,(j)X),F,cj)W)=0 
for W,V e r(kerFO, X,Y e r((kerF,)-L). 

Using Corollary 5 and Corollary 6, we get following Theorem. 

Theorem 18. Let F : M{(j)^S^,rj, g^j) iN,gN) be an anti-invariant Riemannian sub- 
mersion such that (keri^,)^ — (pkei F^, © {^}, where M{(f), ^,ri, g^-i) is a cosymplectic 
manifold and {N,gN) is a Riemannian manifold. Then AI is a locally product manifold 
if and only if Axc^Y = and TvW = /or VF, F G r(kerF*), X,Y & r((ker F*)-^). 
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